Solution of the Cubic Equation by the Cardano-Tartaglia Method

For real numbers 4, B, C and D with A4 # 0, the following algorithm solves the cubic equation

f (x) = Ax’ + Bx’ + Cx+ D =0 . This equation has either three real roots (considering multiple
roots, x, as distinct linear factors (x—xn) of f (x)) or one real root and two complex conjugate

roots. These three roots are designated as x,, x,, x,.
Step 1: Normalize the equation by dividing through by A4.
X’ +(B/A)x* +(C/A)x+(D/A4)=0
Step 2: “Depress the cubic”, let x=y+« ; so that
v +3ay’ +3a’y+a’ +(B/A)y’ +2a(B/A)y+a’ B/ A+(C/A) y+(C/A)a+ D/ 4=0

¥+’ (3a+B/A)+y(3a’ +2aB/A+C|A)=-DjA-aClA-a’ BjA-a’

B C B D BC 2B
Let a=——; b= -

3
=————; c=——+ — =y +by=c
34 A 34° A 34> 274° i

If b=c=0, then y=0 is a triple root and x, =x, = x, = —3%. So, to proceed in the algorithm,

assume that not both b and c are zero.
Step3: y=P+Q; y' =P +Q’+3P0Qy; = P +(O’ +y(b+3PQ):c

_ b3 3
Let P=— = - =0 = S_ecQ’——=0
30 Q 270° Q" -cQ 27

Step 4: Use the quadratic formula to solve for O°.

_b3(c$ C'2+b3]
2 3 73 2 4 27 2 3
2 4 27 b’ ¢t b 2 4 27
27 Ei Ci_i_i 27 Z—Z—E
2 4 27

2 3 2 3
So, we have the formal solution: y = i/£+ \ /C—+b— + i/g— c—+b— .
2 4 27 2 4 27
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2 3

Step 5: <+ C—+b——Re’4"
2 4 27
2 3 2 3
Case 1A: The discriminant,c—+b— >0 and £+1/c——|-b— >0, then
4 27 2 4 27
P A V) S N S S P { S
2 N3 T T = 0T T3, T TpE T 3R"
O, = RVe?™3 =RV 1+ ﬁ : E:_i:__bm __l_iﬁ
2 2 30, 3R”{ 2 2
_l 1/3 \/_ 1/3 b
:yl—a(—R +3R1/3j — +3R‘/3 eC
Q2:R1/3ei4;r/3:R1/3 -1 _3; Pz:—i—— b1/3 _—1+i£
2 2 30, 3R”( 2 2
b

1 13 ~N3( s b
:>y2—5(—R +3Rl/3J—ZT R +3R1/3 eC

2 3 2 3
Case 1B: The discriminant c—+b— >0 and £+ \ /c——i-b— <0, then
4 27 2 4 27

c |
_+_ .
2 4 271

P, :_L T [cos 7/3)—isin(z/3)]= b (%lﬂﬁj

30, 3RV 2

:>yo=l(Rl/3— b j+i£(1€/3+ b je@

2 3R

3

R= p=m; Q,=R"|cos(z/3)+isin(z/3)]=R" (%H?)

0, :R1/3ei(7r+27r)/3 :_R1/3; P :_L:L =y, :_R1/3+3L€R

R

0, _ RUBTHT _ pu3 L%_iﬁ} P, :_i:__b[l_i_iﬁ]

2 30, 3R 2 2

1 b ) B b
= y2 :_(Rl/S —3—j—l—[Rl/3 +3R—l/3j (S C

2 R’ 2
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2 3 2 3
Case 1C: The discriminant c_+b_ >0 and EJm/c—jtb— =0, then
4 27 2 4 27

¢ b c & b ;
—t—===; >—+—=—; =b=0, c=—|c, =y =c
4 7 2 4 7 4

1 3

0 - |c|1/3 23 _ _|C|1/3 _ e P- b 0 =y = _|C|1/3 _YoeR

0, = |C|1/3 €i(”+4”)/3 = |C|l/3 [l—iﬁ} P = —i =0 =y, = |c|1/3 (l_ ﬁ} eC

2 2

2 3
So, in all cases, if the discriminant ” +E > 0 there is a real root and two complex conjugate

roots.

2 3

Case 2A: The discriminant %-‘r 2—7 =0, then b=-33/c*/4.

(c/2)1/3 if ¢>0

R |/2 {0 if ¢>0 0 \/_
=le/2]; @=1" . 0, = :
PV ife<o 2 |c/2|1/3(—1+; 3} if ¢<0

2(¢/2)" =23fc/2 if ¢>0

(c/2)l/3 if ¢>0
{ |c/2|1/3 ==3/c/2 if ¢<0

1
P =—3c /4= i =¥ =
"o, i |c/2|1/3(_1 ;ﬁj it c<o

13 _
Q1 = Rei(¢+2”)/3 — Qoei2ﬂ/3 — (C/Z) ( if >0

|c/2|1/3 e Pe P = —|c/2|1/3 =3fc/2 if <0

~1+iV3
2
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~1-i3)
b e (c/2)]/3( 21\/_J if >0 ={—(c/2)1/3=—3c/2 if ¢>0
0 0 | L n wreco T2 i e<o

(c/2)1/3(_1_i\/§J if ¢>0

2

e [%] <o

/3 —1+l\/§ )

N (c/z)1 ( . J if ¢>0 | /2)1/3 I

P2:— b = ¢ = :>y2: ‘ ¢ :_\3’0/2
3Q2 Q2 | /2|1/3(1+l\/—) if <0 |C'/2|1/3 if ¢<0

Thus, the three roots to y* +by —c =0 with b=-33/c’/4 are 23/c/2 and a double root of —3/c/2 .

That these are indeed the solutions can be verified by the following argument. For any value of ¢

) c v \/ c b3
one of the solutions should be y =3|—+,|—+— + 3|—— [— = 2«/ . Performing synthetic
4 \/2 V4 27 T2 \/ 427 &%y

division on y* +0y® —33/c*/4y—c at y=23/c/2 gives
|10 -4 —c

23fef2| 1 2fef2 e/ 0
So, ¥y’ =33c*f4y—c= (y - 2{/c/—2)(y2 +23fc/2y+ \3/02/4) and from the quadratic formula,

y* +23[c/2y +3/c*[4 = 0 has a double root at y =—3[c/2 + \/13102/4 —3Je*/4 ==3[c/2 . 1n fact,

2 3
3 +by —c =0 has a double root if and only if the discriminant, % +% =0. Suppose that g is a

double root and y is the remaining root. Since complex roots come in conjugate pairs, both £ and
y are real.

yaby—c=(y=2By+ ) y-7)=y = (r+2B8)+yB(B+2y)- 18
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2 3

SO’ y:_zﬂ 7b:_3ﬂ2 and CZ—ZﬂS.ThuS, %+§—7:ﬂ6—ﬂ6:o_

2 3 2 3
C

Case 2B: The discriminant %Jrﬁ <0, then %-‘ri — _—_=Re? , SO

v
: p -b’ ¢ 3cN-3b ) 4 27 / 27¢?
RZ:C—— C_+_ =——; COS == , sin =4 =" = |1+ ;
4 (4 27) 27 ((D) 2R b (¢) R 4p*
1| 3eN-3b /—b ..
Q:COS 1[ bz ja Qo = ?[COS(¢/3)+ZSIH(¢/3)]
b -b .. —b
P=——-= —[cos((o/3)—lsm((p/3)] =), =2 —COS(¢/3)ER
30, V3 3
Q1:Qo€i2”/3:,/_—b COS(MJ+iSin[¢+2ﬂj
3 3 3
P1=—i= _—b COS(M]—isin((oJJ”j ; >y =2 _—bcos(¢+2”jeR
30, 3 3 3 \ 3 3
0, =0, = -2 COS(MJ+iSin[¢+4ﬂj
3 3 3
%

Pz:_i: —b 005(¢+4”j—isin[ +47zj Sy, = /—_bc08£g0+47szR
300 V3 3 3 3 3

2 3
. D c
Thus, in all cases, when the discriminant ” +E <0 there are three real roots.

B B

B
Step 6: x,=y,——; x1=y1—§; xzzyz—ﬁ

34
An Excel spreadsheet that utilizes this algorithm to solve cubic equations can be accessed at the
following site.

http://my.execpc.com/~aplehnen/Cubic_Solution.xls
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